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MATHEMATICAL PCRMULATION OP BODIES OF REVOLUTION

8 . by
L. Landweber and X. Gertler
ABSTRACT

Various methods of defining bodies of revolution are considered with the con-
clusion that the most satisfactory method is one which deflnes the sectional-area curve
by means of 2 polynomial The polynomial form possesses certain advantages in easc
of computation and ready application to ‘hydrocynamlcal problems, such as the computa-
tion of theoreticaliy derived préssure distriputions.

The degrece of the polynomial fixes the rumber of parameters that may be pre-
scribed to determine a form. In order to generate the sixth-degree polynomlal forms
. the dimensionless parameters chosen are the nose and tall radii, r, and T the pris-

matic coefficlent, Cp. and the position of the maximum section at x = m. It i8 shown
that the polynomial expression for the sectional-area curve is a lincar combination of

e

Tor Tin and Cp, with polynamials of the sixth degree as coefficients. Formulas and
tables for these polynomial coefficlents are provided, so that when Tor Tps Cp' and m
are given, the offeets of a form may be rapidly computed.

Not all combinations of these parameters give practical or desirable forms.

T! range of seable forms may be limited by imposing the restrictions that the
wectional-area curve have no maximum or minimum other than at x' = m, or thai the
body have no inflection points. These criteria are formulated mathematically and a
method of computing boundary curves delineating permissible ranges of parameters is
developed.

Formulas for gencrating seventh-degree polynomlal forms are also derived and
applied to compare sixth- and seventh-degree formns with the same values of Ty Ty Cp,
and m. I is found that practical seventh-degree forms with the same values of those
parameters may differ appreciably from the sixth-degree form. Thus these parameters
! do not ‘suffice to fix a form, although they serve to develop the entlre class of sixth.
degree poiynomial forms.

Bodies of revolution with useful application derived from polynomials not of the
sixth dcgree may be fitted (by the method of least squares) very closely by means of

sixth-degree forms. From this point of view the usefulness of a series of sixth-degree

polynomial forms is greatly enhanced.
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INTRODUCTION B N T

- " When the David Taylor Model Basin became interested in makihg stud- . ‘
ies of the hydrodynamical tehavior of streamline bodies of revslution, it was ] : " f‘
decided that such work could be most satisfactorily accomplishea with families i E

of bodles of revclution for which certain parameters could be systematically

varied. Accordingly, prior to the testing, a program to establish a procedure '

. for the development of such familles was initiated. -
H

© wemey e aa

) It was determined that the best approach would be to define these
families by a general mathematical equation. The maln advantages of the use
of a mathematical expression over the empirical or "fairing by eye" method
are: The geometry of the hody can be precisely defined, fairness between
E gliven offsets is assured, and the geometrical parameters can be directly and
4 . accurately varied. ° )

A search of the literature reveals that various methods for obtain-
ing mathematical defiaiticn of forms have been tried but generally only for
application to single forms rather than tc families of forms. Among these . i
have been comtinations of known analytical curves such as an ellipse with a . - ,f T4
parabola, an ellipse with a hyperbola, ete.,'’? polynomials of various de- ' : :?’
grees,®’* and trigonometric series.
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o The polynomial metnhod was selected ¢s the basis for the development Er
duseribed herein since it appeared to have distinct advantages in ease of han- .
dling and furthermore because of its ready agplicativn to hydrodynamical prob- i )
lems such as computations of theoretically derived pressure distributions. U ‘
It provides a simple method for evaluating the constants in the general equa- B
tlop once a glven set of parameters has been selected, and supplies data for
readily computing the offsets of a wide variety of forms. ;

oy [l

-

THE GEOMETRIC PARAMETERS . . Fr
. R t

.. or the various geometric properties that may be employed to chér-
acterize the shape of an elongated body of revolution, it has been convenient
to choose, for practical reasons, the following primary quantities to define
the body:

!'is the length.
d 18 the maximuh diameter.

oo te g nm agns ey m e
2oy =
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xm is the distance of the maximum section from the nose. s .
Ro i{s the radius of curva‘ure at the nose. i'
¢
[ P,
_xRo.’orong:os are listed on page 6h. ) ] %
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R, 18 the radius of curvature at the tail.
" ¥ 1s the volume.

Other characteristics, such &s the surface srea, the position of the center of
gravity, the radii of gyration, etc., sre of interest for vgyious purposes.
These are considered 8s derived quantities in the present report, and are in-
cluded in Appendix 5.
It is convenlent to employ the following dimensionless combinations
. of the primary geometric quantities: ’ ’

L n - 2 - -
x-d' o= 1’ ro d?' rl d?

. .
and the prismatic coefficient Cp = o

The question as to how well ithe foregoing parameters define the
shape of a body is discussed in a subsequent section.

. CHOICE OF MATHEMATICAL PORM

For both mathematical and physical reasons the development has been
based on the secticnal-area curve of a form, rather than & meridian section
of the form itself. Thus it will be shown that the slopes of the sectional-
area curve at the ends of a body are proportional to the radii of curvature
at the ends, a8 relation which greatly simplifies the determination of the
equatlion for a hody. The physical reason is that the sectional-area curve is
propertional to an axial doublet distribution which, to 8 good approximation,
generates the desired body in a uniform stream.® Consequently it 1s desirable
to have simple mathematlcal exprescions for the sectional-area curve of 2 body
for the purpose of computing the potential-flow field about it, and its pres-
sure distribution. .

The question remains as to the most convenient mathematical form in
which the equation of a sectional-area curve can be expressed. Let us con-

- sider for a moment the converse of the present prodlem; i.e., the determina-
tion ¢f the geometrical characteristics of a given body, rather than the de-
velopment of an equation for & body of given characteristics. The geometrical
jcharacteriatics can be ccmputed directly from the equation for & body. To ob-
_.o-tain its equation, a2 given body may be curve-fitted with any complete set of
orthogonal functions, each of which can give a "best" fit in the least-aquare
sense! Practically, however, it is convenlent to employ, for tnis purpose,
either the trigonometric functlions or Legendre polynonials. The former fit
the equation of given form by means of a finite number of terms of the Fourier

-
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expahsicn; the latter by means of a polynomial. In eitier case it 15 possitle,
for the direct problem, to solve for the ccefficlients of the expansion for 3
body of prescribed geometrical characteristics by means of sets of linear
equations. This 18 ifilustrated for the polynomial in the following section.
The direct application of the method of linear equations is tediocus, however,
and anotiner method—in which the equation of the sectional-area curve is given
directly as a linear combination of tabulated functions--1is develioped. As
will te shown, the determination of the latter fun-<tions i1s simplified in the
case of the polynomial form because of the property that its zeros sppear as
ractors. Purthermore, the polynomial form appears to be more suitable for the
purpose of computing pressure distributions. Because of ite advantages, the
polynomial representation 1s used in the succeeding developments.
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EQUATIONS FOR POLYWOMIAL COEPFICIENTS

e Au AN w

The equation of a meridian section of a body of revolution will now
bz expressed in terms of rectangular coordinates (X,Y) with the X-axis taken
along the ax1s of the body and the origin at one end (the nose) of the body.

R
.

- o
23

o i L L B Y T I L R et M6

. 4
Assuming a polynomial for the equation of the secticnal-area curve, then . X ,3
; N
AV w A X+ BRE 4 L4 AKD (1] Lot
' . L H
It will be convenient to operate with this equation in dimensionless : i
form. For this purpose put x = X/l, y = Y/d. Then Equation {1} may be writ- f . P
ten a ? N :
F¥oeax+ax+ .o+ax’ {2 § . 1
i3 ¥
wheoe i . }_
a = h L2 5212 ..n {3} ] S
8 73 g2’ o ;o s P
) f

Sketches of & sectional-area curve in dimensional and dimensionless forms are
shown in Piguces 1 angd 2.

The coefficlents a,, a,, .... are to be determined in teras of pre-
scribed values of the geometricai parameters m, roTy and C_. In the dimen-
sionless form the length &nd maximum diameter are unity so that A 1s elimil-
nated as a parameter. The length and diameter conditions are then that y = 0
when X = 1, y = %-when X =, and g% = 0 when X = m. .These respectively give
the equations: .
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8, +8, 485+ ...+a =0 - (4]

) . 2 n
. ) a,m+am +...+am =

(51-

35f

e, +2am+ ...+ nanm"'1 =0 _ (6]

The radius of curvature R may be evaluated frcm the formula

. . -+ 1 gz 8/2
: . R "ﬁb +(dY)]
dy?

which may be written in the dimensicaless form

T 1k 1|
dy*

But differertiating Equation [2] successively with respect to y gives

2y = (a, + 28,X + ... + na x ) dy _18}-
and
. n-1, dx [ n‘-z] dxy?
‘2= (a; +23,x4 ... +nax ) 5;5 +]2a, + ... + n(n-1)a x (Ei) [9]

If 3, ¥ 0, it 15 seen r"om hquation [8] that when x = 0, -~— =0,

and'hen e, from Equation [9], that 9 —;5 o g-. Consequently, substituting these
values into Equation {7], we obtain t

a, =2r [~01

1f, on the other nand, a = 0, the body has a pointed nose and r, = 0. Fence
Equation {10] is valid for both cases.

Sinmllarly when x = 1, y = 0 and from Equation (8] dv = 0, unless

8, +2a, + ...+ na, = 0 [11]

Hence Equations (7] and (9] give

8y + 2, + ...+ = -2 [12)
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(A4

‘The positive sign is taken in [10] and the negative 1in [12] because r, and r,
u are tsken intrinsically positive; but a, is the slope of the sectional-area
28 . curve at x = O, and hence 1s positive, and a, + 2a, + ... + na, 13 the slope
of the sectional-area curve st x = 1; and hence i3 negative. If [11] i3 sat-
isfied, the bodi_nas a pointed tail and r, = 0, so that {12] 1s valid for both
cases. )

The volume of the body miy be expressed as

] 1
L : ' ¥=[xy2dx-nd21£y2dx,
p :

or, substituting for y° from Equation {2],

SOLUTION OF EQUATIONS FOR POLYNOMIALS OF SIXTH DEGREE

Correspondirg to the parameters Mo Too Ty and C_ there are the six
8 o ‘-:equations (41, [5), (€], [10)], [12]), and [13]). Conseguently a polynomial of
< ,;,;he sixth degree is, in general, determingble 80 that we choose n = 6 in these
«+.r equatlons. The solution of these equationz by the determinsnt rule is tedlous
" and consequently an alternstive procedure 1s developed.

The form of the solutlon by the determinant rule shows that the an's
‘are linear functions of r,, r,, and C . Hence ¥% 1s also a linear function
of Por T2 and Gp and may be written in the form

A3
Vo e e e mem s mE T e camart e m s AAeen - e rems mrmis e Sem——a =~
W‘ (Y 3T . - - - VT T s s meass e e Rt At

WA ViR ".‘wmu S R, I
N AR i‘ i N - . PR Y
NG ¢‘~1\'\z§,~\_bf.tv . “ - . . Lo .

PN L EL T RCRIV LIRS WRIN ORI PRI CRRTRT A GUPSPereT § SURSPCSI R RIRRRYS ICT WAL NS S QRN

NGV WL

wepeasmnm

.o

L 1 1 U DU I )
Zh t3L .ty =g e [13]
. ’ . For convenience, the foregoing linear equations in the an's are
assembled here:
1
8, +8,+ ... +8 =0 (4] :
am+ anm + +an® )
: nt =% (5] i
. . n-1
8, +2a,m+ ... + nam %0 (6]
8, = 2r, [10]
N 8, +2a, + ...+ na, = -2r, {12} :
1 1 X e -
28 t3o g e 0 (13]
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Corresponding to Equations {4], {5], t6], {10}, 112} and [13] the polynomial

y2(x) satieries the following corditions identically in Tor Fye and Cp:

(a) F#(0) =0
() & 200) = 2r
(c) f(‘) =0
(@) L5201 = -2r,

(e) y¥(m) =7

. _ y* = 2rgRo(x) + 2r\R, (x) + C_P(x) + Qlx) (14] )
" where Ro(x), R,(x), P(x), and Q(x) are polyiomials of the sixth degree ln x. .
(f) —gjy’(m) =0

E and
3 1 1
b[ Flxlox = ¢,

Since conditlons {a) through (g) are satisfied identically in Tor Tys and cp,
their application to [14] has the following consequences:
Since y°(0) = 0, regardless of the values of rye Ty and Cp. we must have

R,(0) = R, {0) = P{0) = ¢(0) = O (5]
Simllarly we obtain the followlng equatlions: : . ‘ y
Prom Condition (b}, : i
N . ! )
R'(0) =1, R '(0) = P'(0) = Q'(0) = 0 - [16) . i 3

where the prime deno‘es differentlation with respect to x. PFrom Condition {¢)

R( =R (1) =PI} = (1) =0 . (17] :
. .. d
from Condition {d), . f }
A A
RyH(1) = =1, R(Y) = PH1) = QM) = 0 (18] :
- R [?
. : o ¥
) 3
b
N 1
. : i
‘7 ] .\\,* z m“’:‘.\'- o - .' ) : ’ . .‘ N ) - ’A ‘:'(“' . “’: T '.‘ g:: .
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From Condition (e},

\
B (n) = R,(a) = P(n) = 0, Q(a) -3 9l
Prom Condition (),
R '(m) = R,*(m) = P'(n} = Q'(m) = O {20]
and f:om Condition (g),
IP(x)dx - Iko(x)u - Iﬁl(x)dx - {atx)ex = 0 (211
4 5

The values of Rov(x)-, Rx(x), P(x), and Q(x) will now te derived on the tasis of
the relations in Equations [15] through {21]:

EVALUATION OF R (x)

Since R, (0) = R (1) =R, (1) = R, (n) = R, *(m) = 0, and since R {x)
is a polyr.omial o; tne suth degree, it nay be written factorially in the form

Ro(x) = (a, + alx)'x (x-1)?(x-m)*® {22} '

The coefficlents a, and a, Ay be eveluated as follows: Prom Equation [16]

Ro‘(o) = 1; whence, from [22],

(23]

a *—
o 2

Equation [22] may be rewritten as
ﬂo.(x) - ao[xs - 2x%(1 + @) + x3(1 + Um + m®) -2mx*(1 + m) + m’x]

+ “x[". - 2x3(1 + @) + x*{1 + Um + n®) -2mx3(1 + m) + m"’x’]

Hence, from. {21},

1 . B :
Jﬂo(x)dx » ao[%- - %(1 + r) +,—&(1 + Um + n®) - —m('l +m) + -ém"’]

a,[% - 30 4 m) + 201+ m 4 ) - Lal1 + m) +.—;-m2] =0

e e -~
v - -'

»
TR S

e

et e st bt i Gt g

»

s . 'tads.a«_; .A«R Wi owars \\4-/\'&‘}!

Aopma  wemy
M .

a-n

. =

P L

oy

-

s mpear g 2
. "

. .

"

PO
Z
i

[ SR L VORIV P LTI PO G Dapr Pt S a

ol e Nt

4

v,

- [
b N P o, [ P R VE LD g e SRS NS,

b/ coastiig
2 M . .

W

PR T T

- . }‘0




e S s ~ e

1

Then, simplifying, substituting o,

100 - k; 4+ 5m®)
2n?(2-Tm + Tm?)

3

EVALUATION OF R, (x)
' Since R (0)

x -1-—. and solving for a_, we obtain
n® 1

{24]

= R,*(0) = R (1) = R,(m) = R, '(m) = 0, and since R,(x)

is a polynomial of the sixth degree, it may be written factorially in the form

.Rl(x) = (B, + 8, x) x* (x - 1){x - m)""

G SR VAR ber; S0l
e . .

At
i
4

wt

[25] . R
The coefficients B and 8 are evaluates 8s follows: ‘ ‘
Prom [16], R,'(1) = -1; whence, from {25}, { '
-3 ‘
I z
- 2 3 K
(ﬂo +8,)(1 - m) [26] in };
Equation [25) may be rewritten as: i ‘s e
R (x) = po[x" -x%(1 + 2m) + x3(m® + 2m) - m"’xz]
+8, [x‘ - x°(1 + 2n) + x*(n* + 2m) - max’] 0 .
. -
. . . i 4
But, from {21], i R,(x)dx = 0. Hence, integrating the above expression for .
Rllx) and simplilying, gives o
78,(2 ~ 6m + 50%) + B (10 - 28m + 21n%) = 0 [27) ..
Solving for [26] and [27] simultaniously, we obtain
¥
10 - 28m + 21n? ¢ ;
0 2 2 [28] R
2(1 - m)2(2 - Tm + Tm?) . s
.
7(2 - 6m + 5m2) [29] ff.
\‘ By = "2l - wF(2 - im + 7a0)
; |
“? « e 1N
; i
‘(:
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3
EVALUATIGN OP P(x) L
» Since P(0) = P*{0) = P(1) = P*{1)} = P(m) = P'(m) = O and since P(x)
4 is a polynomial of the sixth degree, it may be written factorially in the form ‘i
P(x) = x*(x - 1)3(x - m)? ) J
2 ) 3
3 To evaluate the coefficient y, we have, from [21], IP(z)dx al . dence, :
3 woiting N
3 ) )
P(x) = 7[x'-~ 2x35(1V + o) + x*(1 + U + n®) - 2x3(n + 0®) + l’x‘]
] and integrating, we obtain
7[%— --}(1 + m) +-%(1 + Um + 2%) - %{uu» r?) +-;:i"’] --}:—
) . or
3 ' 105 '
: : L] PR PR (3]
EVALUATION OP Q(x) ! i
[ 4 -
: Stnce Q(0) = Q'(0) ~ Q(1) = Q*{1} = 0 and {(x) is a polynomial of the i 1
sixth degree, it may be written in the form ' :
Qx) = (3, + &,x + 8,x*}x°(x -~ 1)? - {32} :
. {
The undetermined coefficients sre evaluated as follows: PFrom [19], Q(m) = ﬂ-—. |
1 and hence .
1 N
$ +mé +m28 = (33}
E ° : 2 un2(1 - m)?
Prom {20}, Q'(m) = 0, and hence i
{
(6, + 6,m + 6,0°) 2m(m - 1}(2m ~ 1) + (8, + 2md)) n*(m - V)% = 0 f . ,
. ‘v, dlviding by m(m - 1) and simplifying, we obtain i ) ,
T k 3
do(llm -2) + ém(Sm - 3) + 62m2(6m -k)=0 [34) 5‘
3 it P *
' ;
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